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By decomposing the distribution functions and color eld as regular and
fluctuation parts, we analyze the solution of the semi-classical kinetic equa-
tions of quark-gluon plasma. Through expanding the kinetic equations of the
fluctuation parts to third order, the nonlinear permittivity is got. We nd the
self-interaction term of color eld in mean eld equation plays an important
role to the nonlinear permittivity of quark-gluon plasma.
PACS:12.38.Mh; 51.10.+y; 77.22.Ch
During recent years, the energy changes of high energy partons traversing quark-gluon
plasma(QGP) have been the subject of intensive interest [1{4]. This is because the high trans-
verse momentum particles and jets produced by the hard scattering processes, which prop-
agate through the hot dense matter produced by the soft processes in the ultra-relativistic
ion collisions, can be used as an observable and remarkable probe of QGP.
To further study the behavior of the high energy partons through QGP, one must con-
stitute a kind of response theory for QGP to external current, which, in principle, must be
nonlinear and non-Abelian. Therefore, the non-Abelian color permittivity, as one kind of
characteristic quantity of QGP media, must be known. In the frame of kinetic theory, the
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color permittivity of QGP under the linear approximation has been given out long ago [5{7].
However, it is Abelian-like. Furthermore, as Ref. [8] points out, the self-coupling terms
of color eld have not been included in the calculation of relevant quantities with kinetic
theory.
Because of the nonlinearity and non-Abelian characteristic of the semi-classical kinetic
equations of QGP(see, for example, Ref. [5{7]), an appropriate approximation method must
be used to solve these equations. Recently, a few works have been done by separating the
distribution functions and color eld as regular and fluctuation parts, with which the semi-
classical kinetic equations are converted to the forms which can be solved conveniently [8{10].
For the rst time, Ref.( [9]) gave out the nonlinear color permittivity of QGP beyond the
linear approximation, in which the SU(3) color algebra has been ensured in the iteration
process and, to some extent, the non-Abelian characteristic of QGP has been reflected.
However, there still exists the problem pointed out by Ref. [8].
In this letter, we start with these separated equations to discuss and calculate the color
permittivity of QGP including the self-coupling contribution of the color eld. Following
Ref. [9{11], the quantities in the kinetic equations of QGP, such as the quark distribution
function fq(x, p), antiquark distribution function fq¯(x, p), gluon distribution function G(x, p)
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where the index R represents the regular parts of corresponding quantities, fR = hfi, etc.
with index T the stochastic fluctuation parts. Here, the angular bracket h  i represents
taking average over a statistical ensemble.
With this kind of decomposition, the kinetic equations for the fluctuation parts of quark,
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where the index L denote the linear term of Fµν with respect to A
T
µ . Fµν and Fµν represent
the mean eld stress tensors in fundamental and adjoint representation, i.e., Fµν = F
a
µνIa,
Fµν = F aµνFa, with A = AaIa and A = AaFa. Here, Ia and Fa are the corresponding
generators.





fT (n)q ,    . (5)





T (1)ν = −jTνNL + ig∂µ([ATµ, ATν ]− h[ATµ, ATν ]i) +
+ig([ATµ , F
Tµν
L ]− h[ATµ , F TµνL ]i) + g2([ATµ , [ATµ, ATν ]]− h[ATµ , [ATµ, ATν ]]i), (6)




jT (n)µ , (7)
and in Eq.(6), jTνNL = j
T (2)ν + jT (3)ν with




pν [trIa(fT (n)q − fT (n)q¯ ) + Tr(F aGT (n))], (8)
being the n-th order color current.
We select the temporal axis gauge, i.e., A0 = 0 and consider only the longitudinal eld
excitation for simplicity without loss of generality. The index T of eld will be omitted as




with K = jkj.
There exists the corresponding evolution equation to the regular part of every quantity,
which makes it possible to discuss the out-of-equilibrium problems by using this theory [10,11].
However, we will consider only the small fluctuations around the colorless equilibrium state










eβpu − 1 , (9)
where u = (1, 0, 0, 0) is the local four-velocity of the plasma, Nf is the the number of flavors
for quarks.
With the expansion Eq.(5), if we collect the terms with similar power of fT (n)q ,    (hence
of AT (n)), we can get the hierarchy of every order kinetic equations for fT (n)q ,   . It’s
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To show the idea more clearly, let us discuss the solution of the rst order equation at







The rst order kinetic equations of the fluctuation parts of the antiquark and gluon
distribution functions are similar to Eq.(10) except the opposite signs of the terms related
to f..., ...g for antiquarks; f and A are replaced by G and A for gluons, respectively (in the
following discussion we will only give out explicitly the relevant equations for fTq , but not
for fTq¯ and G
T unless specialized otherwise).
From Eq.(10), we can get
fT (1)q (k, p) = −
k0pi  Ai(k)
p  k + ip0+ 
∂fRq
∂p0
,    . (11)
Substituting these expressions into the rst order color current and then from the rst order
eld equation in momentum space:
−kµkµAiA(k) + kikjAi(k) = −jT i(1)(k), (12)
we have
−ω2ε(ω,k)A(k) = 0. (13)
The nontrivial solution condition of Eq.(13) requires the following linear dispersion re-
lation be fullled





(ln jK + ω





g2T 2 is the plasma frequency. This result agrees with that of the
leading order in g got by using the the HTL’s(the hard thermal loops) in nite temperature
QCD and the classical nature of HTL’s has been extensively investigated(for example, see.
Ref. [12,13]). It reflects that the eigenwaves in QGP are always timelike, and can not
exchange energy directly with the particles of plasma. Hence the linear Landau damping is
absent. In the longwavelenth region this relation reads:




which will be used in getting the nal result in the end.
The second order color current can be obtained similarly. The second order quark
distribution function is:
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p  k + ip0ε
∫ ω2∂0pfRq
































δ(k − k1 − k2)dk1dk2 1
(2pi)4
, χαβ(k, p) = (p  k)gαβ − pαkβ, (17)
have been used.
Using the following relation:
TrIa[Ib, Ic] = i2f
abc; TrIafIb, Icg = TrIa( 1
N




TrF a[F b, F c] = iNcf
abc; TrF afF b, F cg = 0, TrIaIb = 12δab, TrF aF b = Ncδab (18)
and inserting the second order distribution functions of quark, anti-quark and gluon into



















where Neq = 12(fRq + fRq¯ ) + NcGR.
However, it can be conrmed that the second order color current does not contribute to
the nonlinear permittivity [9,14]. So, we will analyze the third order equations directly.
The third order kinetic equation for the fluctuation part of the quark distribution func-
tion in momentum space and in temporal axis gauge is:





















f[Ai(k1), Aj(k2)], fT (1)q (k3, pg − hf[Ai(k1), Aj(k2)], fT (1)q (k3, p)gi
)]
. (20)
The equations for f
T (3)
q¯ and G
T (3) are similar to Eq.(20) except the changes pointed in
Eq.(10).
By substituting the functions fT (1)q and f
T (2)
q¯ into Eq.(20), etc., we can get:
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(2pi)8
, (22)
has been used. After substituting the third order distribution functions into the third order
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p  k2 + ip0)
)
. (24)
On r.h.s of Eq.(23), the term with 
(I)ijkl
k,k1,k2,k3
is purely no-Abelian, while the other terms
are Abelian counter ones. In the process of getting above results, we have used the following
relations
TrF a[F b, fF c, F dg] = 0, TrF afF b, F cg = 0,
TrF afF b, fF c, F dgg = Ncdbacdcde + 4δabδed + 2δbdδea + 2δbeδad, (25)
to simplify the contribution to the current by gluons.
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With the notion [12,15] that the soft excitation carrying momentum k  gT and the
momentum of particles p  T , one can conrm that the purely non-Abelian term of leading
in g is 
(I)ijkl
k,k1,k2,k3




 g3 + g4 and (V I)ijklk,k1,k2,k3  g3.
The third order mean eld equation in momentum space and temporal axis gauge is:







i(k3)]]− h[Aj(k1), [Aj(k2), Ai(k3)]]i
)
, (26)
where jT iNL(k) = j
T (2)i(k) + jT (3)i(k).
The rst term on the r.h.s of Eq.(26) represents the interaction between the particles and
the secondary waves resulting from the nonlinear interactions of the eigenwaves in QGP;
the second term is the plasmon self-interaction term in QGP, which is characteristic of the
QCD plasma and dierent from the QED occasion. Just as pointed in Ref. [8], in previous
works, this term which reflects the non-Abelian characteristics has been discarded.
Substituting jT (2)(k) and jT (3)(k) leading in g into the third order eld equation in
momentum space, we obtain:





































Multiplying both sides of Eq.(27) with Af (k0), then taking average with respect to the
random phase, by using the relations and shorthands [16]:
hAa(k)Ag(k0)i = (2pi)4hAeAgiω,kδ(k + k0)  (2pi)4hegikδkk′, (28)
hAa(k1)Ab(k2)Ac(k3)Ad(k4)i = (2pi)4δ(k1 + k2 + k3 + k4) f(2pi)4δ(k1 + k2)
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p  k3 + ip0 (hbdik1δk1k2hegik










+ hbeik1δk3k1hdgik′δk2k′ + hbgik1δk′k1hdeik2δk2k3 + hbgik′δk′k1hdeik2δk2k3). (30)
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 hfgi = 0, (31)
which requires the following nonlinear dispersion equation be satised:
εLδad + ε
NL
ad = 0. (32)




 εrNLad + εsNLad , (33)
with
Sad = −g2
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where εsNL and εrNL represent the contributions from the self-interaction of plasmons &
the interactions between the plasma particles and the beating of two timelike eigenwaves,
respectively.
From Eq.(33)-Eq.(35), we can conclude that the nonlinear permittivity εNLad is a matrix
in color space and depends on the correlation hAbAcik. The general analytical form of it is
dicult to get. Here, for simplicity, we consider the diagonal elements that is considering
only the correlation of the same color by using
hAbAcik = − pi
ω2
(δ(ω − ωk) + δ(ω + ωk))Ikδbc, (36)
where Ik characterizes the total intensity of the fluctuating oscillation with frequency ωk.
Furthermore, we consider the fluctuation of thermal level, i.e., we can take:Ik = 4piT .
We can identify the diagonal permittivities contributed by the terms with Rad and Sad
are the following, respectively:
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p(k−k1)+ip0 in the expression of ε
r have dierent contri-
butions to the integrals of it. The two former factors have only real contributions because
8
the eigenwaves in QGP are always timelike as argued above in the discussions to Eq.(14),
while the latter has both real and imaginary contributions to εr because the beating of two
timelike eigenwaves can be spacelike [17,18]. That is the relation:
1
p  (k − k1) + ip0 = P
1
p  (k − k1) − i
pi
p0
δ(ωk − ωk1 − v  (k− k1)), (39)
is crucial to performing the integral, where v = p/p0. Besides, in performing the integral,
the upper limit of K1 is chosen to be gT , while the lower limit of K1 is chosen to be g
2T ,
which is considering the ‘soft’ excitation in QGP [15]. Considering the important k = 0
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We can see the contributions of εr and εs more clearly by making a rough value estimate.
However, to perform the relevant integrals above, we must use the concrete dispersion
relation of ωk1 and k1. By using the dispersion Eq.(14) in the longwavelenth region, the
rough value of nonlinear permittivity is:
εNL = εs + Reεr + iImεr
 −0.976g + 1.913g + 0.61gi
= 0.94g + 0.61gi . (43)
Here, as argued above, we have taken only the leading terms in g and in the meantime,
considered the pure gluon plasma occasion.
Now, we summarize briefly.
From Eq.(43), we can see that, though the contribution from the self-interaction term
of color eld in the mean eld equation(corresponding to the self-interactions between the
plasmons in QGP) is smaller than that from the interactions between the particles and the
plasmons in QGP, the dierence is obvious. The former has a ‘positive’ and the latter has a
‘negative’ contribution to the real part of the nal result. In short, the eects of the plasmon
self-interaction are very important to the nonlinear permittivity and can not be neglected.
However, not to our surprise, the plasmon self-coupling interactions do not contribute to
the imaginary part of the nonlinear permittivity. An appropriate explanation is that the
imaginary part of the nonlinear permittivity corresponds to the nonlinear Landau damping,
i.e., the waves exchange energy with particles under the resonant condition [17,18]; while the
9
plasmon self-interaction in QGP describes the wave-wave interactions without the energy
exchange between particle and wave.
In linear approximation, the collective properties of QGP are quite similar to the QED
plasma. However, the true QCD characteristics of QGP can only be reflected in nonlinear
collective eects through the plasmon self-interaction. This self-interaction exhibits the true
dierence between the properties of QCD and QED plasma.
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